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1 Classical Mechanics

my

Figure 1: Sketch of the double pendulum system.

The double pendulum is a system consisting of two simple pendulums, one of which is attached to
the other, as it is shown in Fig. 1. Motion is contained within a vertical plane, so there are only two
degrees of freedom, namely, the angles 61 and #» made by each wire with the vertical direction.

Let us assume that both wires have the same length, i.e., /1 = #5 = £, and their respective masses can
be neglected. Moreover, we also assume the same mass for both pendulums, that is, m; = mg = m.

Whether the double pendulum displays either a regular or a chaotic behavior depends on the initial

conditions.

1. (6 points) Determine the equations of motion of the two pendulums from their Lagrangian.

2. (2 points) Suggest two initial conditions that correspond to two unstable trajectories. Calculate

their mechanical energy.

3. (2 points) Could you suggest any initial condition leading to regular motion?
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Figure 2:  Sketch of the double pendulum system specifying the angular variables of interest to
describe the system dynamics.

To simplify the calculations, we first define the following variables according to Fig. 2:

r1 = {sinfq,

y1 = —Lcosb,

x9g = {sinf) + £sinfy = £ (sinf; + sinby),

ya = —Lcosb; —Llcosbhy = —L(cosb) + cosby).

1. (6 points)Determine the equations of motion of the two pendulums from their Lagrangian.

The potential energy is V = Vi + Vs. If we take y = 0 as the zero for the potential energy, then

Vi = mgy = —mglcos 0,
Vo = mgys = —mgl (cos bty + cosbs) .
On the other hand, the kinetic energy is T' = T} + T, where
1 1 . . 1 .
T = §mv% =5m (SL‘% + y%) = §m€29%,
1 1 1 . . ..
T o= gl = Im (@3 +3) = Sme? [9% + 02 + 20,05 cos(0; — 92)} .

From them, we obtain the Lagrangian for the system,
1 olaio 1o .
L=T-V = §m€ {291 + 05 + 260,05 cos(6, — 92)} + mgl (2 cos 6y + cosbz) .

The Lagrangian equations for each pendulum read as

5(omy 0t

dt 892 00; ’
with ¢ = 1,2. Making the corresponding substitutions, we finally obtain the equations of motion
for the double pendulum, which read as:

om0, + ml*0, cos(f1 — 62) + m€2«93 sin(fy — 62) 4+ 2mglsin 6 = 0,
mb*0y + me36, cos(01 — 09) — m€29% sin(fy — 62) + mglsinfy = 0,
or, after removing constant factors, as:
201 + 6, cos(f1 — 62) + 0% sin(6; — 62) + 2w?sinfy = 0,
6, + 6, cos(f1 — 69) — 9% sin(6; — 62) + w?sinfy = 0,
where w = \/gW corresponds to the oscillation frequency for a simple pendulum.
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2. (2 points) Suggest two initial conditions that correspond to two unstable trajectories. Calculate
their mechanical energy.
The following initial conditions, (61(0), #2(0), 8;(0), 82(0)), are unstable:
e Initial condition 1: (0,7,0,0), with F; = —mg¥.
e Initial condition 2: (m,,0,0), with Ey = 3mg/.

3. (2.5 points) Could you suggest any initial condition leading to regular motion?

At high energies, T' >V and 0 ~ 6. Accordingly, £ ~ T and the equations of motion are

d <8£>
— | —] =0,
dt \ 90;
that is, 0, = 0, where ¢ = 1,2. The solution to this equation of motion is 6;(t) = ¢;t, which is

the trajectory for a rotor.
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Figure 3: (a) Hyperbolic flyby trajectory within the sphere of influence in the frame oriented by
the Sun direction. (b) Hyperbolic trajectory in the frame oriented by the apse line showing polar
coordinates and relevant angles.

A planet’s gravitational sphere of influence is the region near the planet where its attraction over-
whelms all other gravitational forces, including that of the Sun. Relative to the planet, the sphere of
influence can be considered to be of infinite radius.

A spacecraft that enters a planet’s sphere of influence and does not impact the planet or go into
orbit around it will continue in its hyperbolic trajectory through periapsis P and exit the sphere of
influence, as it is shown in Fig. 3(a).

Let 4y be the unit vector in the direction of the planet’s heliocentric velocity vector V —that will be
taken as constant neglecting its change of direction during the flyby—, and let 4g be the unit vector
pointing from the planet to the Sun. Consider a circular planetary orbit with g and 4y orthogonal.

The initial heliocentric velocity of the spacecraft when it enters into the planet’s sphere of influence is
Vin = Vin (cosa Gy + sina ug) ,

where « is the angle between Vin and V (we use uppercase letters for the heliocentric velocities and
lowercase for the geocentric ones). In the planet’s reference frame, this velocity is

Uin = Voo (COS Pooliy + SIN Poolis) -

The spacecraft flies past the planet on the sunlit side [see Fig. 3(a)]. It follows a Keplerian trajectory
that, in the planet’s reference frame oriented by the apse line [see Fig. 3(b)], is given by

I p

— =5 (1+4+ecosh),

r h2 ( )
where h = |[_:\ /m is the spacecraft angular momentum per unit mass, p = GMpjanet, € is the eccen-
tricity, and r and € are the polar coordinates (radial distance and polar angle) in that frame.

1. (1 point) Write @i, and ¢ in terms of Vi,, a, and V.

2. (5 points) Determine the eccentricity e of the trajectory and the total angular deviation § of
the spacecraft as a function of the initial speed v, and the periapsis radius rp.

3. (4 points) Let the spacecraft’s final heliocentric velocity be Viut = Vout (Cos oyt iy + sin aouttis) -
Determine V4 and ayt in terms of the initial velocities V, Vi, the orientation «, and the pe-
riapsis radius rp.
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1. (1 point) Write @i, and ¢ in terms of Vi,, a, and V.

The geocentric spacecraft velocity is i, = _}n — 17, i.e.,
Uin = (Vincosa — V) uy + Vipsina 4g.
This can be written as in the text,

Uin = Voo (COS Poolly + sin QbooaS) )

with
Voo = \/V2 + V2 — 2V Vi, cos a,
Vin sin av
t = —-—
an goo Vincosa —V

. (5 points) Determine the eccentricity e of the trajectory and the total angular deviation ¢ of
the spacecraft as a function of the initial speed v, and the periapsis radius rp.

Both, energy and angular momentum, are conserved in the inertial geocentric frame, so that

L5 Lo n

—vi, = —vp— —,

2 > 2P rp
h = rpup.

Also, rp is the minimum radius (cos = 1), i.e.,

h? 1
rp=— ,
P wl+e
so that the eccentricity is
2
rpU
e=1+ -2

On the other hand, r — oo when the spacecraft crosses the planet sphere of influence with the
polar angle becoming cos 6, = —1/e. The deviation is § = m — 23, with § = m — 0. This leads
to
1

cos 8 = —cosbly = —,
e

which leads to 5 .
sin§ = sin (g —6) =cosf = —.

Finally,

1
6 = 2arcsin () = 2arcsin [ —————
e
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. (4 points) Let the spacecraft’s final heliocentric velocity be Viut = Vout (cos aout iy + Sin Aoyt ts) -
Determine V4 and ayt in terms of the initial velocities V, V;,, the orientation «, and the pe-

riapsis radius rp.

Let
17out = Vout (COS ¢outﬂ\/ + sin QboutaS) .

Due to energy conservation vyt = Uso. The spacecraft velocity also rotates at an angle § with
respect to the incoming velocity, so that ¢ous = ¢oo + d. Finally,

ot = Voo [cos(gf)o@ + 8)ay + sin(deo + 8)iig|.
The final heliocentric velocity will be:
‘Z)ut = Uout + ‘7 = |:Uoo COS(d)oo + 5) + V:| Uy + Voo Sin(¢oo + 5)115

This can be written as
Vout = Vout (COS QoutUy + sin aoutUS’) .

After some algebra,

Vour = \/vgc + V2 4+ 205V cos(doo + 9),
Q, = arctan Voo 81N foo
out Voo €08(¢oo +0) + V|’

where v, ¢so, and & are given by the data V', Vi, «, and rp, as

Voo = \/V2—|—Vi?l—2VVincosa,

10) arcta Vinsina
= arctan | —m——
oo Viycosa—V )’
1
0 = 2arcsin 5
1+ " (V2 + V2 — 2V Vi, cos @)
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3 Electromagnetism

Figure 4: Sketch of the rotating ring and the direction of the external constant magnetic field.

A thin copper ring rotates in free space about an axis perpendicular to a uniform magnetic field I:_io,

as it is shown in Fig. 4. Its initial frequency of rotation is wy.

Data: ocy = 58.7 x 105 S/m, pcy = 8.9 g-cm™3.

1. (10 points) Calculate the time it takes the frequency to decrease to 1/e of its original value
under the assumption that the energy goes into Joule heat, for Hy = 15.9 kA-m~! and a radius

for the ring a = 1 cm.
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1. (10 points) Calculate the time it takes the frequency to decrease to 1/e of its original value
under the assumption that the energy goes into Joule heat, for Hy = 15.9 kA-m~! and a radius
for the ring a = 1 cm.

The first thing to calculate is the voltage developed in the wire while rotating with angular
frequency w applying Faraday’s law:

d
E= —% = poHoma w sin wt.
From & it can be calculated the current in the ring I:
E=1R,
where R is the electrical resistance:
I poHoma?w sin wt

N R

The average power loss to Joule heating per cycle is:
(1o Homa*w)?

P=(I)R="""" 2
()R 2R

The source for this heating is the kinetic energy of the ring:

Iinw?
Exin = m2 ;
where [, is the moment of inertia about the axis of rotation of the ring:
ma?
I, = 9

with m the mass of the ring.

The power loss is due to the reduction in kinetic energy:
d <ma2w2> _ (poHoma?w)?

dt \ 4 2R

The solution of this equation is:

w = woe_t/T,
with
mR
T=————.
(moHoma)?
The electrical resistance is:
o 2
oA’
with A the cross section of the wire that forms the ring. On the other hand, the mass of the
ring is:
m = 2waAp.
Then:
mR = B(?wa)Q.
o
Hence 7 becomes:
ip 1.5s
T=-—5-—5—=15s.
piHGo
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4 Quantum Control

le)
Q(t)

|7)
i) > Aw =0

Figure 5: Sketch of the three-level system considered in the problem.

Quantum control is the field that studies how to manipulate quantum systems to optimize quantum
processes. We want to control transitions between the initial, intermediate, and final states (|7), |e),
and |r), respectively), as shown in Fig. 5. In resonant conditions, when the photon frequency matches
the energy difference between the excited |e) and initial |i) state, and the energy difference between
the |7) and |r) states is small (hAw =~ 0), a single laser pulse £(¢) can drive both transitions |i) — |e)
and |e) — |r) (typically referred to as the Rayleigh-Raman line).

Under very general approximations, we can write the Hamiltonian in the interaction picture as

A Q) /. .

A1(t) =~ (Jivtel + e} il + e rl + Ir) el ).
where Q(t) = u&(t)/h, the so-called Rabi frequency, represents the coherent interaction between the
field and the system. The time-dependent Schrodinger equation (TDSE) can be solved analytically,
with time-evolution operator mapped onto the matrix (with the implicit basis order: |i), |e), |r)):

cosO(t)+1 isinf(t) cosf(t)—1
2 /2 2
isin0(t) cos0(1) isin Z(t) ,
cosf(t) —1 isinf(t) cosf(t)+1

2 V2 2

where 0(t) = f(f Q(t")dt' /v/2 is the mixing angle of the superposition state that is being formed. After

the pulse is switched off, the pulse integral or pulse area, A = fooo Q(t)dt = v/20(c0), is the only
external parameter that controls the final state of the system.

U(t,0) =

1. (4 points) Proof that U(¢,0) is the solution of the TDSE. Consider units of & = 1.

2. (1.5 points) Calculate the maximum value for the transition probability from state |r) to state
|i). What values of A maximize the probability? This choice represents maximizing the yield of
the Raman transition.

3. (1.5 points) Calculate the maximum value for the transition probability from state |e) to state
|i). What values of A maximize the probability? This choice represents maximizing the yield of
the electronic absorption.

4. (3 points) Find the initial state |¢), = ¢; |i) +¢, |r) that should be prepared in order to reach |e)
with certainty or with null probability (either maximum control or transparency, respectively).
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1. (4 points) Proof that the given U(t,0) is the solution of the TDSE. Consider units of & = 1.

The time-evolution operator is defined through its action on the wave function, |¥), = U(t,0) V),

From the TDSE, 9, |¥), = —iH(t)|¥), (using units with & = 1), it follows that 9,U(t,0) =
—iH (t)U(t,0). In matrix form, deriving ;U(t,0) (with 6 = Q(t)//2) we find

() —sinf/2 icosf/v/2 sinf/2
OUt,0) = —= [ dicosf/v/2 —sinf icosf/\2
V2 —sinf/2 icosf/v/2  sinf/2

In the basis {|i), |e), |r)}, the Hamiltonian can be written as

. 010
H=H=-20@| 101
010

Then
; isind/v/2  cos@  isinf/\/2
—iH(t)U(t,0) = =Q(t) cos @ iv/2sin 0 cos 6 ,
isinf/v/2 cos ising/v/2

which is identical to 9;U(t, 0).

2. (1.5 points) Calculate the maximum value for the transition probability from state |r) to state
|i). What values of A maximize the probability? This choice represents maximizing the yield of
the Raman transition.

The probability to reach |r) from |7) at final time is given by the complex square of the matrix
clement Uzy, as P(oo) = Uf Uz = [cos(c0) — 17 /4 = sin (6(c0)/2). Tt is therefore possible
to reach state |r) with certainty if 6(c0)/2 = A/(2v/2) = (2n + 1)7/2, with n € Z. Maximum
population transfer requires the pulse area to be A = \@(271 + 1)m, with n € Z.

3. (1.5 points) Calculate the maximum value for the transition probability from state |e) to state

|i). What values of A maximize the probability? This choice represents maximizing the yield of
the electronic absorption.
The probability to reach |e) from |i) at final time is given by the complex square of the matrix
element Uy, as P(o0) = Ui Uy = [sinf(o0)]® /2. A maximum probability of 50% can be
achieved when f(c0) = A/v/2 = (2n + 1)7/2, with n € Z, for which A = (2n + 1)7/+/2, with
n € Z.

4. (3 points) Find which initial state |¢), = ¢;|i) + ¢, |[r) must be prepared such that one can
reach state |e) with certainty or with null probability (either maximum control or transparency,
respectively).

To reach state |r) with certainty from a superposition of |i) and |r), we need

C; 0
U 0 = z |,
Cr 0

where z is a complex number of modulo 1. Then, z = Ugic; + Uaze, = isinf(c0)(c; + ¢,)/v/2
and .
2¥z = 5 sin? f(c0) ||| + |er|* 4+ 2Re(cicr) | =1,
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for which we need to make sin® §(co) = 1 and [|¢;|* + |¢,|? + 2Re(c;e)] = 2. The first condition
requires, as in the previous case, that A = (2n + 1)7/v/2, with n € Z. The latter is only
possible if we have maximum constructive interference, that is, Re(¢;c,) = 1/2. This forces
¢ =cp = e/ V2. We need to prepare initially the totally symmetric superposition. Then, the
term in the square parenthesis is equal to 2, and z*z = 1.

To achieve transparency conditions, we need to cancel the transfer probability (destructive in-
terference), for which z = Usj¢; + Ugge, = isinf(00)(c; + ¢,)/v/2 = 0. We thus need ¢, = —c,.

Alternatively, we can find conditions where sin?€f(c0) = 0, for which #(cc) = n7 and hence
A = 2nr, with n € Z, regardless of the initial state. This is an obvious solution because,
e.g. if we do not use a laser (A = 0), the system can not leave the initial state. However, by
preparing the superposition state |¢/), = (|i) — |r))/v/2 we can guarantee that the system will
not be excited, regardless of the pulse features.

Problem 4. Quantum Control Page 11
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5 Solid State Physics

The electronic band structure in solids is related to the quantum states of an electron in a periodic
potential. The electron wave function corresponding to an eigenstate, v (7), must satisfy the Bloch
theorem, i.e., )

W(7) ~ &M Tug(7),

where uz(7) is a periodic function, i.e., ugp (7 + R) = ug(7), where R is a lattice vector.

A simple one-dimensional model to describe electron states in a periodic potential corresponds to
approximate the potential U(x) by

oo

U(z) = Z aVod(z + na),

n=—oo

where a is the lattice parameter.

1. (4 points) Demonstrate that the dispersion relation between the energy levels € and the wavevec-
tor k is given by
K
cos ka = — sin qa + cosqa,
q

where € = h%¢?/2m and k = aVp. Determine the coefficient a.

2. (2 points) In the low energy limit, demonstrate that

R2k?
e(k)=FEy+ —,
(k) 0 2m*
where m* can be considered as the electron effective mass in the presence of the periodic poten-
tial. Obtain an expression for m™* in this limit, and verify that it can be bigger, smaller or equal
to m.
3. (2 points) Calculate the gaps between the energy bands assuming that Vy < h%/ma? (weak
potential limit).

4. (2 points) Calculate the bandwidth corresponding to the lowest band in the limit Vo > h%/ma?.
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1. (4 points) Demonstrate that the dispersion relation between the energy levels € and the wavevec-
tor k is given by
K
cos ka = — sinqa + cos qa,
q
where € = h2¢?/2m and k = aVp. Determine the coefficient a.

The general solution is of the form
Y(x) = Atright (7) + Brete (),

where , ,
et 4 re T 2 <0

Vet (v) = { tela®, x>0’
and .
te U= z <0

where the state energy e is set by h%¢?/2m. Imposing Bloch’s theorem,

Y(@+a) = ¢My(),

dip ika Y
—(x4+a) = "*——(z).
7 @t a) 7y %)
Evaluating these two equations at x = —a/2 one obtains two homogeneous equations. The

condition for a non trivial solution yields

1 _. 12 2\ .
coska = —e "% + 4 e,
2t 2t

We now need to solve for ¢ and r for a delta-like potential. Imposing continuity of the wavefunc-
tion at x = 0 and discontinuity of the derivative due to the delta potential, we obtain

R

iq— K’
iq
iq— K’

where k = mVpa/h?. Substituting in the dispersion relation, we finally obtain

K.
cos ka = cos qa + — sin qa.
q

2. (2 points) In the low energy limit, demonstrate that

R2k?
(k) = Ep + Dy
where m* can be considered as the electron effective mass in the presence of the periodic poten-
tial. Obtain an expression for m™* in this limit, and verify that it can be bigger, smaller or equal

to m.

We need to consider ¢, ¢, and £k — 0. In this limit, we can consider the approximations
singa ~ qa — (qa)®/6, cosqa ~ 1 — (qa)?/2, and coska ~ 1 — (ka)?/2. Then, substituting
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these approximations in the last equation of question 1, and grouping terms in ¢, we can ex-
press € = h%¢%/2m as

€= thQ + EOa
2m*
where
. Ka
mt = (1),
h? Ka
el

3
This result shows that m™* can be larger or smaller than m depending on the sign of V4.
. (2 points) Calculate the gaps between the energy bands assuming that Vy < K2 /ma2 (weak
potential limit).

The band limits correspond to coska = (—1)™,
K.
cos qa + — sinqga = +1.
q

The crossing points can be denoted by qa = mm + §, with § < 1 in the limit Vi — 0. We thus
get
R
cosd + —sind = 1.

In the large Vj limit, § — 0 and we get § ~ 2ra/mm. Then, we can get the gap energy Ae from

which yields

. (2 points) Calculate the bandwidth corresponding to the lowest band in the limit Vo > h%/ma?.
If Vo > h%/ma?, we have ka > 1. The first band extends from the crossing at positive energy
FEo and the crossing . This last one corresponds to ga = 7, so that Ey = —h?/2m(7/a)?. The
value of ¢ at Fy is set by
K
1 = cos qpa + — sin qqa,

q0
so that
qo 2

In the limit ka — oo, goa — 7 so that qoa/2 ~ (7w — §)/2, with § < 1. We get § ~ 2qp/k, so
that go ~ mr/(ak + 2). Then

2212 [ 1
Ae=F; — Ey ~ W ( )

ma? \ ka

Problem 5. Solid State Physics Page 14
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Figure 6: Sketch of the potential energy curve of a 1D molecule.

We assume one electron in a molecule formed by two atoms A and B with a potential energy as given
in Fig. 6, where x4 = —xp. We simplify the molecular potential by doing a Taylor expansion around
the atomic sites x4 and xp. Hence, the Hamiltonian of the electron is reduced to

~ R 9% mw? mw? 9

— — — — 2 — —
2m0w2+ 2 (@ —2a)”+ 2 (z = 2p)"

1. (2 points) Show that the delocalized states described by the wavefunctions

dolz) = %[mmww)},
1
Yi(z) = NG

are eigenstates with energy Ey = hw/2. Note that {14(z),?¥p(z)} are the atomic ground-state
wavefunctions at sites A and B, respectively.

[Ya(z) — ¥p(2)],

Hint: You may consider that the wavefunctions at the two atomic sites are well localized, and
do not overlap with the other site. Also, remember the quantum harmonic oscillator solution:

K2 872 mw?

T (x — :1:2-)2] Vi(z) = Eoi(w),

where

mw\ Y4 _mw . .32

dile) = (Z) 7 e,
with eigenenergy Fy = hw/2.

2. (2 points) Now we apply a time-varying electric field £(t) = &y coswt to the molecule. The
interaction Hamiltonian with the molecule is described by Vi (t) = ez&(t), where e and = are the
charge and the position of the electron, respectively. Calculate the transition elements:

(Yalz|a), (balZlp), (plE|Ya), and (Yp|T|vs).

Construct the matrix in the basis {¢a(z),¢p(x)} representing the total hamiltonian, i.e., the
matrix with elements (Hap)i; = (i|[H + Vi(1)]]J)-
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3. (4 points) During the time-varying electric field, we consider the time-dependent state as
a superposition of our atomic basis as [¢(t)) = a(t)|pa) + b(t)|yB), where a(t) and b(t) are
complex amplitudes. Find the form of a(t) and b(¢) if we know that at ¢ = 0 the state is in the
delocalized state |¢(t = 0)) = |1o) = (|va) + [¥B))/V2.

Hint: The electron state evolves following zh%h&(t» = Hp(t)|y(t)), with solution given by

|(t)) = e~ Jo ' Hap(t) |t)(t = 0)). This choice represents maximizing the yield of the electronic
absorption.

4. (2 points) The evolving state depends on the frequency of the electric field w = 27 /7, where 7 is
the period of this field. Find the vector potential amplitude Ay = £y/w, such that, after a quarter
of a period, the initial state [t) = (|t4) + [¥p))/V/2 transforms into [¢1) = (|a) — [¥B))/V2
(up to a global phase factor).
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Solutions

1. (2 points) Show that the delocalized states described by the wavefunctions

Yo()
Y1()

\}5 a(e) + ¥p(z)]
1

NG [Ya(x) —¥p(2)],

are eigenstates with energy Ey = fiw/2. Note that {14(z),v¥p(z)} are the atomic ground-state
wavefunctions at sites A and B, respectively.

We apply first the Hamiltonian operator to the atomic wavefunctions {¢4(x), ¥ p(z)},

2 2

: B o
Hipp(z) = [_QmW+m§) (ac’—OCA)QJr%(UC—«?&UB)2 Ya(x)
h? 62 ) 2
s+ = o?] vala)
- E0¢A(x)7

where we approximate that the wavefunction ¥4 (x) is negligible at the B site. We have then a
quantum harmonic oscillator. We can do the same for ¢)g(z). Therefore,

(@) = = [ale) & V()] ~ Eo—s [6a(2) £ Us(w)] = Boto (@)

NG

. (2 points) Now we apply a time-varying electric field £(t) = &y coswt to the molecule. The
interaction Hamiltonian with the molecule is described by Vi (t) = ez€(t), where e and x are the
charge and the position of the electron, respectively. Calculate the transition elements:

(alZ|a), (balZlvs), (bslE|va), (VBl2[YB).

Construct the matrix in the basis {¢4(z),¥(x)} representing the total hamiltonian, i.e., the

A

matrix with elements (Hag)i; = (i|[H + Vi (t)]|7).
We define a = (mw/7h)Y* and B = mw/2h. Then

and

(Ya|zla) = 042/ dy e 2PE—2a) = a2/ dx e*%(w*“)Q(af — A+ 24).

[o.¢]
Because e~ 28@=z4)* apd (x — x4) have different parity, the integral of these two terms is zero.
The only remaining one is
e 2
Walilon) =a® [ doe ey gy,

o0

where we use the orthonormality of the wavefunction ¥ 4(x). Analogously, (Yp|Z|vp) = zp.

Now,

(Yalzlyp) = aQ/ dp e—BE—24)? L o~Ba—wp)?

oo r - r
= a2/ dx e~ P22 —2z(zatep)tal+ap),

o
= QQeﬁ(‘Ti“ﬁB)/ dre 27" = 0,
—00
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which is also zero for parity reasons. Analogously, (¥g|Z|t)4) = 0. Therefore, the matrix Hp is

Haup = ((W[I‘:f +Vi(O)][ba)  (@allH + ‘?f(@]%)) _ <E0 +exa€(t) 0 ) '
(WBl[H +Vi()]|va) (WpllH + Vit)][vs) 0 Eo +expE(t)

3. (4 points) During the time-varying electric field, we consider the time-dependent state as
a superposition of our atomic basis as [¢(t)) = a(t)[va) + b(t)|), where a(t) and b(t) are
complex amplitudes. Find the form of a(t) and b(t) if we know that at ¢ = 0 the state is in the
delocalized state |y(t = 0)) = |1o) = (|va) + [¥B))/V2.

The time-evolved state is

() = ekl WO = 0))
1 — L [P Hap(t') — L [Tt Hap(t')
= — |e nJo AB + e nlo AB }
vl ) ¥5)
Because {|14), |0p)} are eigenstates of the matrix Hyp, with eigenvalues {Ey + ex2E(t), By +
exp€(t)}, the exponential of the matrix is the exponential of the eigenvalue, and then

1 i [t oggr / i [t oggr /
‘Qp(t» = ﬁ {e_ﬁ Jo dt'[Eo+exAE(t)] ‘wA> Len Jo dt'[Eo+expE(t')] WJB>}
_ \}5 {6—%(E()t+eaz,4€0sinwt/w)|,¢A> +e—%(Eot—i-ea:B&)sinwt/w)|¢B>}
= a()[ya) +b()|YB),
from which we obtain the form for a(t) and b(t):
1 i .
alt _ 76—5(E0t+61‘1450 smwt/w),
(t) 7
b(t) _ ie—%(Eot—i—ea:Bgosinwt/w).

V2

4. (2 points) The evolving state depends on the frequency of the electric field w = 27 /7, where 7 is
the period of this field. Find the vector potential amplitude Ay = &/w, such that, after a quarter
of a period, the initial state |[¢0) = (|4) + [¢¥B))/V/2 transforms into |¢1) = (|v4) — [¢¥B))/V2
(up to a global phase factor).

Starting from the calculated time-dependent state |¢(t)), we factorize the global phase factor

e—%(Eot-l—eacASo sinwt/w)
) ’

which renders
| ex sinwt/w —te(rp—x sin wt /hw
(1)) = \ﬁe & (Eot+exa&o sinwt/w) [|¢A> | eielan—wa)€osinwt/h W}B>] .

When ¢t = 7/4, we need the relative phase to be equal to m, i.e.,

650( Jsi ((m') 2ex A&y . (un')
——(zp—x4)sin | — ) = sin [ — | =
ho BT A 4 hieo £)-"
in order to obtain €™ = —1. This is satisfied when
&
A= ™
w 2ex 4
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7 Quantum Information

A finite-dimensional quantum system S is prepared in either state p; with probability p or state ps

with probability 1 — p.

1. (3 points) What is the maximum average probability Pumax(p, p1, p2) of correctly guessing the
state of this system using only a single measurement run?
2. (4 points) Prove that a trace-preserving (and Hermitian-preserving) map & is a quantum chan-

nel if and only if
Pmax(pv 01, 02) > PmaX[pag & H(Gl)a E® H(UQ)]>

for all p € [0,1] and for any pair o7 and oy of density matrices corresponding to a system
composed of two copies of S.

3. (3 points) If p1 = 3(3+) (+] + [-)(=]) and p2 = |0){0] with [&) = 5(|0) & [1)) and {[0), [1)}
forms an orthonormal basis of a qubit system, find the value of p that minimizes Py (p, p1, p2)-

Problem 7. Quantum Information Page 19
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Solutions

1. (3 points) What is the maximum average probability Pumax(p, p1, p2) of correctly guessing the
state of this system using only a single measurement run?

To distinguish between p; and pa, we can divide the set of measurement outcomes X of a general
POVM {z, E, },cx into two complementary subsets X; C X and Xy C X, satisfying XY1UXy = X
and Xy N Xy = (). If the measurement result belongs to X}, we identify the system state as py,
and if it belongs to X5, we identify it as po.

Thus, for the purpose of distinguishing between p; and ps, any POVM {z, E, },cx is equivalent
to another measurement {n, T,,}2_,, with T} » = > wcx, , Po- Actually, by calling T':= Ty, then
Ty =1- '

Now, when the true state of the system is p;, the state is correctly identified with probability

Z P(x‘pl) = Z Tr[plEx] =Tr |p1 Z E, =Tr (plT) .

TeEX] reX] reX]

Similarly, when the true state is po, the state is correctly identified with probability

Z (z|p2) = Z Tr[p2Ey) P2 Z E, =Trip(I-T)].

TEX> TEX> TEXS

Therefore, the maximum averaged probability of correctly guessing the state is

Puax(p, p1,p2) = Or%a%)gﬂ {pTr (p1T) + (1 — p)Tr [p2(I - T)]}

- (1-— Tr (AT
( p)+0rgg>g<ﬂ r (AT),

with A = pp; — (1 — p)p2. Now, using the spectral decomposition of this operator

d
A= N,
j=1

we obtain
Pmax(pa P1, p2) = (1 - p) + 0217&%(]1 Z )‘j <¢]‘T|¢]>
J

The condition 0 < T < I reads

0 < (WITI) < (wlw),

and so the maximum probability is achieved when T is a projection onto the subspace spanned
by the eigenvectors associated with the positive eigenvalues of A. By ordering them so that these
positive eigenvalues correspond to the first ¢ in the labeling of 7, we have T = Z?Zl [9;) (5],

q
max > A |TIs) =D A,
j=1

0<T<I
J

and

q
Pmax(papla p2) = (1 - p) + Z )\j-

i=1
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Additionally, we can express this result using the trace norm. To this end, taking into account
that

d
Z)\j:Tr(A):2p—1:>(1—p):% 1=

j=1 j=1

we obtain

d
11 1 1+ AL
Pmax(pml,m)25—52/\j+z>\j=§ L+> Nl ] = 5
: =

where the trace norm [|Al|; := VATA = Z?:l |Aj| has been introduced.

. (4 points) Prove that a trace-preserving (and Hermitian-preserving) map £ is a quantum chan-

nel if and only if
Pmax(p7 01, 02) > Pmax[pa E® H(Ul)7 E® ]1(02)]7

for all p € [0,1] and for any pair o7 and oy of density matrices corresponding to a system
composed of two copies of S.

According to the previous result, we have

L+ 1A

Pmax(pa 01702> = 9 )

where

A =po;—(1—p 02—2)\|\IJ

Alternatively, by again ordering the positive elgenvalues in increasing order (and assuming there
are ¢ of them in this case), we obtain

q
Pmax(p,01,02) = (1=p) + > _ X,

First, consider that £ is a quantum channel, i.e., a completely positive and trace-preserving map,
i.e., £ ® I maps density matrices to density matrices. Therefore,

Prax[p, € @ I(01), € @ I(02)] = (1 — p) + Zuj,

where f1; are the positive eigenvalues of £ ® I(A’), which are now ordered as the first 7 terms in
the spectral decomposition

ERA) = Z 115]®;)(
Thus, the maximum probability after the quantum channel can be rewritten as
Pmax[p, € ®1(01), & @ I(02)] = (1 —p) + Y (D€ @ U(A")[D;).
j=1

Using the spectral decomposition again, we can split A’ as the difference of two positive operators,

wa ) (W] + ZXN’ (U] = A, —

Jj=q'+1
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{A@ = 20 M) (T,

d2
AL = =320 i NI (5.

We can then write

D UBIERTAN ) = Y (D€ RT(A])|D;) — (B5]€ @ T(AL)|®;)
j=1
(@;1€ @ I(AL)]|®5) < Y (®51€ @ I(AL)[®5)
i=1 =1

s

A
M- 1

<
I

= Tr[E@I(A))] =Tr[A}] =) N,
j=1

Here, we have used the facts that £ ® I(A/,) are positive operators (since A/, are positive and
E @ I preserves positivity) and that & ® I is trace-preserving. This proves
Pmax(p, 01,02) > Pmax[p, € @ I(01), € @ I(02)],

for any p, o1, and o9, and for any quantum channel £.

This inequality is expected from a physical point of view, since applying a quantum channel
cannot increase the available information about the state of a system.

Conversely, if the inequality holds, we have
1€ @ LA 11 < [|A]|1,

for all A’. In particular, for p = 1, A’ = o7 is a density matrix, meaning it is a positive operator.
Since the trace norm of a positive operator equals its trace, and £ ® I is trace-preserving, we
obtain the following chain of inequalities:

|o1]l1 = Trloy] = Tr[€ @ I(01)] < [|€ @ I(o1)[l1 < |lo1]1-

Therefore,
Tr[ff ®H(O’1)} = ||5 & H(Ul)Hl,

and hence, £ ® [(0q) is positive for every positive operator o1, meaning that £ is a completely
positive and trace-preserving map.

3. (3 points) If p1 = 3(3]+)(+] +[=)(~) and p2 = |0){0] with [+) = —5(/0) £ [1)) and {]0),[1)}
forms an orthonormal basis of a qubit system, find the value of p that minimizes Pyax(p, p1, p2).

In this case, we express A as a matrix in the basis {|0),|1)}:

{6 )09 (5

The eigenvalues of this matrix are given by
1
Ma(p) = 7 (4p =24 V50 —8p+-4).

A

NS
\/

To determine when they vanish, we solve

8
)\1/\2:0:>11p2—8p:0:>p:0,ﬁ.
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The first solution, p = 0, causes the first eigenvalue to vanish: A\;(0) = 0. The second solution,
p = &, causes the second eigenvalue to vanish: Ao(3) = 0. Since A1(1) = 2, X\2(0) = —1, and
A2(1) = %, we conclude

Thus, the maximum probability can be expressed as

(1—p)+M(p) =52+ bp?>—8p+4), pel0,T],

(1—p)+ Ai(p) + Xa(p) = p, pe 1l

—
—_

Pmax(p7 P1, pQ) = {

The second-order polynomial f(p) = 5p? — 8p + 4 has a unique critical point at py = %, which
corresponds to a minimum:

Since py > %, the minimum value of Pyax(p, p1, p2) for p € [0, %] occurs at p = %. Furthermore,
the probability also attains its minimum at this point for p € [%, 1], so we conclude that the

global minimum is attained at p = %.
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Figure 7: Power spectral density registered by the two LIGO interferometers after the detection of
the GW150914 event in 2025.

Gravitational waves are produced by accelerating massive objects. For example, the groundbreaking
detection of the GW150914 event ten years ago was supposed to be originated on a coalescing binary
of two black holes of masses m; = 36 Mg and ma = 29 Mg at a distance d = 410 Mpc. The general
expression of the gravitational strain h(t,r) is

h(t,r) = ho i (Qtr+o)
) r b}
where hg € R, hg > 0 is the strain amplitude, r is the distance between source and observer, {2 is the
wave angular frequency, and ¢, =t — r/c is the retarded time.

Important: In the questions below, please, make sure that you include all the steps necessary to
understand how you have obtained a given equation or expression whenever they will be required.
Unjustified answers will only be partially considered.

1. (1 point) Consider a binary system with masses m; and mgy in a circular orbit separated a
distance R, and with center of mass at the origin (0,0). Obtain the positions 7 () and 75(t) of
the two objects provided the orbit is contained within the XY -plane and the orbital frequency
is w. Assume that both masses are initially (¢ = 0) along the z-axis, with the z-component of
71(0) being r1 (0) > 0. Use M = my + ma.

2. (1 point) By means of Newtonian mechanics, determine the expression of the angular orbital
frequency w in terms of M, R, and the gravitational constant G.

3. (1.5 points) Construct the gravitational wave tensor h;;(t,r). To this end, note that, if the
objects are slowly orbiting, the wave strain can be obtained in the weak-field limit by means of
the quadrupole formula:

Bij(ta r) = 26

Qij(tr),

where Bij(t,r) is the spatial part of the metric perturbation tensor at a time ¢ and distance
r to the source, c¢ is the speed of light in free space, and @;;(t) is the (transverse-traceless)
mass-quadrupole moment tensor. The two upper dots in @);; denote the second derivative with

cAr
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respect to time, and, for our configuration, the quadrupole tensor reads as

1
coswt — = coswt sinwt 0
1
Qij(t) = pR? | coswt sinwt  sin?wt — 3 0
1
0 0 —=
3
where 4, j are the indices for the spatial components z,y,z, and p© = mimg/M is the system
reduced mass.

4. (3 points) Taking into account that the gravitational wave tensor obtained in question 3 can
be recast as

B th h>< O
hij(t, 7’) = hx —h+ 0 y
0 0 0

where hy and hyx are the gravitational wave polarizations, determine the expression for the
gravitational wave strain h(t,r) = hy(t,r) 4+ ihx(t,7), and, from it, provide the expressions for
the strain amplitude hg and the wave angular frequency 2. Substitute in the latter expressions
the value of w obtained in question 2. To get an idea of the orders of magnitude involved, provide
the numerical value for both hy and € in the case of a binary black hole with m; = mo = 30Mg
separated a distance R = 500 km. Use G = 6.7 x 107" m3kg='s72, M, = 2 x 10*° kg, and
c=3x10® m/s.

5. (1 point) Determine whether, for the frequency € corresponding to the example of binary
system considered in question 4, the LIGO interferometers (see Fig. 7) are sensitive enough to
the signals they emit.

Hint: The horizontal axis in Fig. 7 represents the range of frequencies f = /27 at which the
LIGO interferometers are sensitive. Specifically, the power spectral density baseline in both cases
indicates the lowest spectral noise density (proportional to |hmin|?) detected at each frequency.
The highest sensitivity is reached at about 175 Hz, for a spectral noise density of ~ 10746 and
hence a minimum amplitude of ~ 10723,

6. (1 point) Assuming that the detection threshold is |h| > 1072!, how far away can the system
be for it to still be detected? Express the distance in multiples of a parsec (1 pc = 3.1 x 106 m).

7. (1.5 points) Estimate the rate of binary black hole mergers in the universe taking into account
that the first three rounds of observation of the LIGO Interferometers have had a combined
duration of 448 days, and, in this time, 90 signals have been successfully identified. Express the
rate in mergers/Gpc3-yr.

Hint: Assume all mergers behave like the system studied above.
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Solutions

1. (1 point) Consider a binary system with masses m; and mg in a circular orbit separated a
distance R, and with center of mass at the origin (0,0). Obtain the positions 7 (¢) and 7(t) of
the two objects provided the orbit is contained within the XY -plane and the orbital frequency
is w. Assume that both masses are initially (¢ = 0) along the z-axis, with the z-component of
71(0) being r1 ;(0) > 0. Use M = my + ma.

We will assume m; starts at 7(0) = (r1,5,0). Since it orbits around the origin, its position will
be

—

1(t) = ||71 || (cos wt, sinwt)
Since the center of mass is (0,0), we have

mi

mlﬁ(t) + mgfz(t) =0=ra(t) = —E’ﬁ(t).
2
To determine r; = ||71|| we impose that the separation is R at all times. Then,
. . my moR
L — Tl =71 —r=R=r = .
171 o] 1+ . 1 1 M
So, putting it all together,
R
() = ?7321 (coswt, sinwt) ,
. m1R .
t) = — coswt, s t).
() i (coswt, sinwt)

2. (1 point) By means of Newtonian mechanics, determine the expression of the angular orbital
frequency w in terms of M, R, and the gravitational constant G.

We consider the magnitude of the gravitational force

mi1mes9

Fe=G 77

and the centripetal force (of each mass with respect to the center of mass),

) mima

(Fe)i = mia; = miw’r; = i Rw® = pRw?.

Equating the magnitudes of both forces leads to
- mi1mes9 . mims 2 o /G]\/f

3. (1.5 points) Construct the gravitational wave tensor h;;(t,r). To this end, note that, if the
objects are slowly orbiting, the wave strain can be obtained in the weak-field limit by means of
the quadrupole formula:

2G .
hij(t,r) = o Qij(tr)-
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First of all, we differentiate );; twice with respect to time:

—2coswtsinwt  coswt —sinwt 0
Qij(t) = pR?w | cos?wt —sin®wt  2coswtsinwt 0],
0 0 0
—sin 2wt cos2wt 0
= pR?w | cos2wt sin2wt 0

0 0 0

) —cos2wt —sin2wt 0

Qij(t) = 2uR*w? | —sin2wt cos2wt 0

0 0 0

Now, using the quadrupole formula,
—cos 2wt, —sin2wt, 0
_ AGuR?w? [~ €829 r

hij(t,r) = # —sin2wt,  cos2wt, 0
or 0 0 0

. (3 points) Taking into account that the gravitational wave tensor obtained in question 3 can

be recast as

) he hy O
hzg(ta 7’) = h>< _h+ 0 )
0 0 0

where hy and hyx are the gravitational wave polarizations, determine the expression for the
gravitational wave strain h(t,r) = hy(t,r) 4+ ihx(t,7), and, from it, provide the expressions for
the strain amplitude hg and the wave angular frequency 2. Substitute in the latter expressions
the value of w obtained in question 2. To get an idea of the orders of magnitude involved, provide
the numerical value for both hy and € in the case of a binary black hole with m; = mo = 30Mg,
separated a distance R = 500 km. Use G = 6.7 x 107" m3kg='s72, M, = 2 x 10*° kg, and
c=3x10® m/s.

The gravitational strain polarizations are

AGuR*w?
hy(t,r) = —# cos 2wt,
ctr
4GuR*w?
hy(t,r) = 7# sin 2wt
ctr

so the gravitational strain is

B 4G uR?W?

4GMRQW2 (2wt )
ctr ¢

h(t,r) = [cos 2wt + i sin 2wt,| = 7

cAr
from which
AGpR?*W?
ho = —a—
c
Q = 2w.

Substituting into these two expression the value found in question 2 for w, we finally obtain

4G uR?w? B 4G*Mp B 4G?*myma

ct AR AR

ho =

Q = 2
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Substituting the numerical values provided, we find:

4 x (6.7 x 107112 x (6 x 10%1)2 mO kg2 s~ kg?

ha — =15x10*
0 (5 % 105) x (3 x 108)7 b 54 T
6.7 x 10711 1.2 x 1032) m3 ke 1s 2k f
0 — 2\/( x (53?02)3 x 10°7) m” kg 2 9% 0.2510° s =500 s,
m

5. (1 point) Determine whether, for the frequency 2 corresponding to the example of binary
system considered in question 4, the LIGO interferometers (see Fig. 7) are sensitive enough to
the signals they emit.

In our situation, f = Q/27 =~ 79.58 ~ 80 Hz. The curves around this frequency in Fig. 3
are lower about 10746, which gives a maximum amplitude of at least 10723 < 1072!. So, the
interferometers are senstitive enough to the signals requested.

6. (1 point) Assuming that the detection threshold is |h| > 1072!, how far away can the system
be for it to still be detected? Express the distance in multiples of a parsec (1 pc = 3.1 x 106 m).

h h 1.5 x 10* m 1 pc
921 __ho o 0o p _ 8 _
10 < |hl = . = Toax = T2 = To-a1 31 % 1016 = 4.8 x 10° pc = 480 Mpc.

7. (1.5 points) Estimate the rate of binary black hole mergers in the universe taking into account
that the first three rounds of observation of the LIGO Interferometers have had a combined
duration of 448 days, and, in this time, 90 signals have been successfully identified. Express the
rate in mergers/Gpc3-yr.

We will detect any merger that occurs at a distance d < 480 Mpc. This space encapsulates a
sphere of volume

4 .
V= gw}ﬁ = 0.46 Gpc®.
The rate of mergers is then

R 90 mergers 1 365 days
448 days 0.48 Gpc® 1 year

~ 150 mergers/Gpc? - yr.

Problem 8. Gravitational Waves Page 28



	Classical Mechanics
	Classical Gravitation
	Electromagnetism
	Quantum Control
	Solid State Physics
	Quantum Optics
	Quantum Information
	Gravitational Waves

