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PLANCKS Dublin 2024 Exam

Question 1: Moment of Inertia

Question 2: Quaternions

Question 3: Mobius Strip.... Time Travel?

Question 4: Icy Roof

Question 5: Floating Ring

Question 6: Nuclear Medicine Scan

Question 7: Dark Matter in the Galaxy

Question 8: Icosahedron of Resistors

Question 9: Molecular Zipper

Question 10: 4D Sun

In case you have forgotten for this PLANCKS exam: Planck’s constant, h = 1. However, if you
need it in actual experimentalists’ units A = 6.63 x 10734 Js.
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1 Moment of Inertia

This question concerns the moment of inertia, Ig, of a uniform lamina and mass m, about
an axis perpendicular to the plane of the lamina, passing through the mass centre, G.

Figure 1 shows ABC is an isosceles triangle with two sides length r and third side 2a.

Figure 1: Isosceles triangle with semivertical angle # and moment of inertia Ig.

(a) [6 marks| Show that the formula for the moment of inertia about the centre of mass is

L o
Ig = Tk (2 —cos20).

Consider now a regular n—gon lamina comprised of n isosceles triangles. The diameter of
the n—gon will be 2r and its mass centre is denoted as G’. You may take the total mass of
the n—gon lamina to be M.

For example, a 6—gon lamina (i.e a hexagon) would be formed of six isosceles triangles, with
their apexes touching. Each of these triangles has two sides of length r.

(b) [4 marks| Find an expression for the moment of inertia of a regular n—gon lamina about its
centre of mass G’ and show that in the limit n — oo the result for a circle is recovered i.e.

1
~Mr?.
2
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Moment of Inertia - Solution

We will take G to be at the origin, with the x-axis parallel to BC and the y-axis along the median.
We will also set the height of the triangle to be 3h, therefore we have r cos§ = 3h. The moment of
inertia is given by

I(;:/d2dA
A

where d is the distance in the plane from G and the integral is taken over the area A. Note, by
symmetry, we need to consider only one half of the triangle with the parameter h.

The equation of the line AC is easily found with our chosen axes to be
h
=—(2a -3
y=_(2a-3z)

and hence

a %(Qa—?)x)
Ig = 20/ d:L’/ (x2 + yz) dy.
0 —h

Evaluating gives us,
a’  3h? ]

Ic =20ha | — + —
G UCL|:4+4

writing this in terms of the mass of the triangle we get

Ig = %m (a® + 3n%) .

Using r cos @ = 3h and our trigonometric identities we can rewrite this in the form required by the
question
Ig = imr2 (2 — cos20).
18
A regular n—gon of diameter 2a comprises n isosceles triangles of the type shown in figure 2, G is
the mass centre of the n—gon lamina. Note we have set the total mass of the n—gon to be M.

;5|=1\ g)

GI

Figure 2: One isosceles triangle of the regular n—gon.



PLANCKS Dublin 2024 Page 5 of 38 25t May 2024

o ()0 ooen(5)

By the parallel axes theorem, for this triangle,

For this triangle

M
Iy =1g+ () d?, where d = GG'.
n

Since the mass centre, G, of the lamina is the centroid of the isosceles triangle, it follows that

d= gacos (E) .

n
The n—gon comprises n such triangles so that the moment of inertia is given by

n M
1 =n <IG+ () d2>
n
™ _ a2 | L (o 2m 4 o
IG, = Ma [18 <2 COS(n >> + 9Cos <n>]

We can simplify this significantly to

ZM a2 T
= (1 2 cos? —)
G 6 + 2cos -

and hence

and in the limit n — oo the cosine squared term will tend to 1 which yields our desired result for
the moment of inertia for a disc,

1
— Mr?.
2
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2 Quaternions

Everybody® knows how complex numbers work. Each complex number is made of a doublet
of real numbers:

z1 = a1 +ib
z9 = a9+ iby
where i> = —1. In order to be useful, one has to be able to add and multiply complex
numbers:
21+ 22 = (a1+a2)+i(by + b2)
2129 = (a1a2 — 5152) + i(albz + blag).

Fundamentally, in order to be considered addition and multiplication, these definitions should
satisfy standard associativity and distribution rules

(z1+22) +23 = 21+ (22+23)
(z122)z3 = z1(%223)

z1(z2 +23) = z122+ 2123,

which can easily be shown to be true for complex numbers. In addition, one would like to be
able to associate a complex number with a real number known as its magnitude

’21|2 = CL% + b%a
which amongst other things should satisfy the rule
|2122| = |21][22].

In 1843, Hamilton wanted to extend ‘couples’ (complex numbers) to ‘triples’ — numbers of
the form
z=a+1b+ jc

where 2 = —1 and j2 = —1 (but 4 # j). The idea is that if you can make up one ‘imaginary’

square root of —1, why not make up another in a ‘perpendicular’ direction. Unfortunately
reality turned out to be less enthusiastic about this idea. Apparently, Hamilton’s children
would ask him at breakfast each morning “Papa, can you multiply triples yet?” to which he
would reply sadly “No, I can only add and subtract them”. In October of that year while
out for a walk, the answer finally came to him. He graffitied the answer into the Brougham
Bridge. The graffiti has faded over the years, but there is now a plaque commemorating the
event if you wish to visit it while in Dublin.

%At least, everybody who makes it to a PLANCKS final

(a) [1 mark] Prove that ij = —ji, i.e. the different square roots of —1 must anti-commute.

(b) [2 marks| Prove that if one writes k = 45, then k> = —1, i.e. k is another square root of —1.
Further prove that k£ can not be written as a ‘triple’ i.e. k # a4+ pi + ~j for real o, 5,7.
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You have now shown that ‘triples’ do not exist if one wants a consistent algebra including
multiplication — they must be extended into quaternions.

Hamilton had a notation for quaternions
g = (5,9) = s + vzt + vyj + vk,

where he called the real part of the quaternion s the ‘scalar’ part, and the imaginary parts
of the quaternion ¢’ the vector part. In this notation, consider ¢; = (0, %) and g2 = (0, ¥2).

It is worthy of historic note that the modern concept of scalar and vector product had not
yet been invented when Hamiltonian first developed his theory of quaternions.

(¢) [2 marks] From the rules you have previously derived about multiplying quaternions, prove
that

q1q2 = (=07 - U, U1 X U).

(d) [5 marks| Calculate e if

7r,+477k
=74+ —k.
1= 5715

Hint: First, work out why this is not trivial. Second, you may find it easier to first work out

the general formula for el where q is a quaternion, and then substitute in the specific value
glven.
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Quaternions - Solution

(a) (1 mark) Consider a triple
z =1a + jb.

We could include a real component in this number, but we don’t need to for the proof. We
are going to assume associativity and distribution laws (as the questions says we must), so
the square

22 = (ia + jb)(ia + jb) = i%a® + j2b* 4 ab(ij + ji). (1)

Notice we haven’t assumed commutivity — indeed the question is asking us to prove that
multiplication is not commutative. Using the rule that i> = j?> = —1, we have

22 = —(a® + %) + ab(ij + ji)

Now, by the rules of the modulus,
‘Z|2 — a2 + b2

We would like |z|? = |22|. We can see from Eq. (1) that this will only be true if ab(ij + ji) = 0,
i.e. ij = —ji as this must hold for all real numbers a and b.!

(b) (2 marks) Let k =ij. Then
K = (ig) (i) = i(ji)j = —i(ig)j = —(id)(jj) = —1-=1- =1 = —1

where we have used the distributive law of multiplication, along with first ij = —ji and then
2 _ 2
1° =75 =-1.

We now suppose k = a + §i + 7j. Then
k* = a® — B2 — 4% + 2a(Bi + vj).

The only way k2 can be real and negative is if & = 0 - so k has no real component.

We know that ijk = —1, because ij = k and k* = —1. Taking k = 3i + vj, we get

jk=—Bij =
where we have used ij = —ji and j2 = —1. Hence
ijk = Bj — vi.

This is clearly not equal to —1 for any value of 5 and v, hence k can not be written as a triple.
(¢) (2 marks) We begin by summarising how to multiply quaterions:
2 2 g2 g Lo o g . YT
=" =k"=ik=-1, iy=—ji=k, jk=—-kj=1, ki=—tk=17.

We already derived the first two of these relations; the final ones follow trivially from these
first ones (e.g. jk = jij = —j%i = i, etc.)

To derive the multiplication rule shown, there is no trick, you just multiply it out. Simplifying

'If one wants to be more mathematically rigorous, write ij + ji = o + Bi + ~j and show that «, 8, must all be
zero. For the purpose of physics though, I think this is ’obvious’ enough.
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notation by writing v; = v and v = w:

Qg2 = (vpi 4 vyj + v.k)(wei + wyj + w,k) (2)
Vpwyi® + VpWyiJ + VW ik + vywgji + vywyj2 + vyw,jk + v weki + v wykj + v, wiBj

= —(vpwy + vywy + VW) + (Vyw, — v wy)i + (VW — Vew,) ] + (Vawy — vywz )k (4)

where in the final step we used the basic rules above. This answer is equivalent to the answer
in vector notation given in the question. It is worthy of historic note that the vector product
(which is now familiar to us) was actually introduced after Hamilton discovered quaternions.
One of the earliest applications of quaternions in physics was in writing Maxwell’s equations
- which are now written using vectors.?

(d) (5 marks) Let ¢ = s + ta + jb+ kc. Then

ed — es+ia+jb+kc — eseia+jb+kc 7& €2€ia€jbekc.
The first equality follows because the real part s commutes with the rest of quaternion; however
we can’t split the exponential further because i, j, kK do not commute with each other. Those
of you familiar with the Baker-Campbell-Hausdorff (BCH) formula may be tempted to use
this:

X+Y _ X Y _—[X)Y]/2

e =e"e e

however this is only true if the commutator [X,Y] is a ‘c-number’, i.e. commutes with X
and Y. In the case of quaternions, this is not the case — [i,j] = 2k, but k also does not
commute with ¢ or j. There are extensions of the formula involving repeated commutators
which will eventually get you to an answer, however this is not usually easy to use (assuming
you remember it at all!)

The best way to proceed is to calculate by hand. We have already seen that the real part of a
quaternion factors out, so let us consider s = 0 and write ¢ = ia+ jb+ kc. Then by definition,

2 3
q_ ¢ 1
el=14+q+ o1 + 3] + ...
Now ¢% = —a? — b? — ¢% which is real® — let us therefore write ¢> = —|q|?. Hence:
¢ = —lqf (5)
3 2 34
¢ = —ld"qe=—lal’; 6
lq] lq] P (6)
¢ = lq* (7)
q
¢ = lal'a=la"r; (8)
4|
and so on. Therefore
la® , lal* q laf® |, lal®
G L L O . (P LN
S TR )= S5 )

20r tensors for the purists.
3derived by explicit calculation
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As |q| is real, we can resum the series:

q .
e? = cos(lq]) + Tl sin([q]).
One could now write a nice final answer for the exponential of a quaternion including a real
part, if one were of such a disposition.

For the question given there is no real part, and |q| = 7+/(1/5)% + (4/15)2 = 57/15 = /3.
Hence
E( 1 337, 43«

q_ o _ 1
e COS(TF/3)+5 3i + 4j) sin(w/3) 5+ 10 i+ 10 k.
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3 Mbobius Strip.... Time Travel?

In Avengers Endgame, Tony Stark asks his Al assistant ‘Friday’ to find the eigenvalues of
an inverted Mobius strip so that they can build a device to time travel into the past and...
spoilers.

What is a Mobius strip? Imagine a rectangle of length L and width W, you connect the two
ends and the result is a band of circumference L. However, if you twist the rectangle 180°
before you connect the ends, you get a Mobius strip.

In this problem, you will solve the Schrodinger equation for a quantum particle of mass m
confined on a Md&bius strip.

For this problem, consider the easiest geometry that a space with Mobius strip topology
can have- a flat space with Md&bius strip boundary conditions. The problem will be further
simplified by ignoring spin.

(a) [6 marks| Find the energies and normalised wavefunctions of a quantum particle of mass m
moving on a Mobius strip of length L and width W with potential V (z,y) = 0 everywhere
on the strip.

Now let us imagine that the confined quantum particle is an electron with mass, m =
9.11 x 103! kg.

The electron is described at time t = 0 by a wave packet with wavefunction confined to a
circle of radius a at the point x = %, y = 0 (depending on your orientation of the strip).

Take the length of the Mobius strip, L = 20 nm and the width, W = 3 nm.

(b) [4 marks| After what time will the wavefunction return to its initial position? Give your
answer in seconds.

State any assumptions you have made to get to your answers.
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Mobius Strip.... Time Travel? - Solution

We will take the width of the M&bius strip to be the z-direction and the length with the twist to
be the y-direction. Our boundary conditions are:

and

T/J($a3/+L):¢(W—$7?/)

The plane wave solution compatible with our boundary conditions is,

§ (2,y) = N sin (kyz) o0,
with energy (note we're only need the kinetic energy),

7ﬁ7h2(k§+k§)
2m 2m

Let us look at the wavefunction and the boundaries of the Mobius strip and work out what form
the wave numbers will take.

Hard sides at # = 0 and x = W, looking at the wavefunction’s sine term, will set k, = 7. The

periodicity in the y-direction, is set by k, = %*.

If m is odd, we get a negative sign e’*v = —1. This will work if n is even: sin 37 (W — ) =

—sin J7z. If m is even, there is no minus sign, So n must be odd. Hence,

=l [+ (D)

where n = 1,2, 3, ... and meZ, with n + m being odd.

Now let us normalise the wavefunction, recall [ [ ¢ (z,y) ¥* (z,y) dzdy = 1 and apply to our wave-
function v (z,y) = N sin (kyx) eV,

Let’s look at the two parts of the integral,

. 2
ezkyy -1

and for the sin? (k,x) term this averages to % over one period. The easy way to see this:

/ sin? (mz)dz :/ cos? (mz)dx
0 0

and we can use,

/07r (sin? (72) + cos? (rx)) dz = 7.

Putting this together we have,
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L rW
2 02 (NTT 2 (W —
/0/0 Nsm(W>dxdy—N<2)L—1

and therefore, N = w/ﬁ. So, now we can put this all together and get the wavefunction

2 nmTx imm
— 2 i (22T Y
U (z,y) sm( )e L.

Now, let us look at the time evolution of an electron confined on the Mdbius strip.

—iBp, mt

U(ta,y) = enme b P (2,y)

If B, = Ey X Z, then the time evolution is periodic, with period T" = Eio (it doesn’t matter what
the initial wavefunction is). We now have

Fam = | () + (7))

where L = 20 nm and the width, W = 3 nm. Let us make D = 60 nm, then we have

h*r? 2 2
Enm = |: ] ;
m= gz | (31" + (20m)

here we have an integer always in the square bracket of the energy. Hence,

2mehD? B 2m.D?
R2r2 n2h

We can do a unit check here to make sure this makes sense:

T = =3.15 x 107 2s.

kg m?

kg m%s—2s
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4 Icy Roof

After a night of frivolity, Patrick decides to climb on to the top of his roof. His house has an
interesting shape - the upper half of a sphere of radius 10 m. It being an icy night, Patrick
unsurprisingly starts to slip down.

SEMI-CIRCULAR
BUILDING NOT TO SCALE

NOT A SAFE COVERED IN ICE
PLACE TO BE ~~
ROSE
BUSH
25¢m FISH
3m POND
Im
R
~PATH

Figure 3: Sketch of Patrick’s house and garden.

J

(a) [6 marks] Making the standard undergraduate physics approximations (no friction, point mass,
etc.), calculate how far from the edge of the house Patrick lands, to see if he makes it into the
pond, slams into the concrete path, or ends up in the thorny rose bush.

(b) |4 marks| Without detailed calculation (but with sound physics arguments), estimate how
much of a difference it makes to relax the more unreasonable approximations to predict where
Patrick will really land.
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Icy Roof - Solution

(a) (6 marks) The first step is to figure out where the mass (Patrick) stops sliding along the roof
and goes into free fall. Given that the roof is circular, one can do this in a relatively simple
way [diagram to be added]. Call 6 the angle between the centre of the circular roof and the
mass, with = 0 being the ground and # = 7/2 being the top of the roof. Then the centripetal
force required to keep the object moving in a circular path is v?/r. This is provided by gravity
— the component of gravity acting towards the centre of the circle is gsin 6. Hence the mass

enters freefall when )

v gsiné.
,
Now, by conservation of energy, mgh + mv?/2 = mghg, where the height h = rsin 6. Hence

,02

5 = rg(l —sin#).

Putting these two equations together, the mass enters free-fall at an angle 6y given by
2(1 — sinfy) = sin by,

so 3sinfy = 2 which gives sinfy = 2/3.

We can now use our free-fall equations

r = xo+ vot
= yo + vyot — gt?/2.

We have
V53
rg = rcosfy=
r
Yo = rsinb) = 3"

Our initial velocity is given by the conservation of energy formula above,

2rg
3

- [2rg 2
Vg0 = YpoSMUg = - =
3 3

2rg V5
3 3

vg =2rg(l — sineg) =

with components

Uyo = Vg COs 90 =

With these initial conditions, we solve the free-fall equations to find the time when y = 0
(some more steps to be added but this is simple, just a bit messy):

t:\/;(\/?—\/ﬁ)
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Substituting this into the x equation gives

— (? + \2/5(\/? \@)> = 1.1246r

Hence if r is 10m, then it lands 1.24m from the edge of the building, which is in the rose bush.

(4 marks) Remark in preparing exam — there are various alternative ways this question could
be extended. One could look at more general initial conditions (i.e. not starting stationary at
the top). You can also look at the condition for entering free-fall when the surface isn’t a nice
circle — this is a very nice calculation and has a beautiful answer. However, for PLANCKS,
I opted for this more open-ended question allowing creativity and demonstration of ability to
make reasonable estimates.

I will add some more full suggested answers, but given the open-ended nature, I expect the
students to come up with better ideas than me. Marks will be given, not just for suggesting
approximations to relax, but for a reasonable estimate of how much difference that will make.
The main approximations I expect to be examined are

e Point mass approximation — To leading approximation, work with centre of gravity, which
will be between 50 — 100cm above the roof, depending on when he falls over. To a leading
approximation, we could just replace r with a slightly larger value — which would mean he
lands in the pond (at least his centre of gravity does...). For an extra mark, the students
could also discuss him falling over as he slides down, along with rotational motion (which
will change slightly the velocities involved)

e Friction - would increase the 6y where he enters freefall (as well as velocities of freefall).
How would that change the position landed?

e Air resistance — probably small in this example, unless perhaps his coat is shaped as an
aerofoil...
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5 Floating Ring

A thin superconducting ring is held above a vertical, cylindrical magnetic rod. The axis of
symmetry of the ring is the same as that of the rod. The cylindrically symmetrical magnetic
field around the ring can be described approximately in terms of the vertical and radial
components of the magnetic field vector as B, = By (1 — az) and B, = Byfr, where By, «
and S are constants, and z and r are the vertical and radial position coordinates, respectively.

A sketch of this can be seen in Figure 4.

Figure 4: A thin superconducting ring above a cylindrical metal rod.

Initially, the ring has no current flowing in it. The coordinates of the centre of the ring are
(z,7) = (0,0). When released, it starts to move downwards with its axis still vertical.

Useful data:
e Ring’s mass, m = 50 mg
e Ring’s radius, 7o = 0.5 cm

e Ring’s inductance, L = 1.3 x 1078 H

Magnetic field constant, By = 0.01 T

Magnetic field constant, « = 2 m™*

Magnetic field constant, 5 = 32 m~!

(a) [8 marks| Show that the ring undergoes simple harmonic motion, and find the frequency and
amplitude of the oscillation.

(b) |2 marks| What is the maximum current that flows in the ring, and where in the oscillation
does it occur?
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Floating Ring - Solution

In this problem we apply the laws of inductance and the Lorentz force to the senario of a thin
superconducting ring. We do not require extensive knowledge of superconductors other than they
conduct current really well.

The total magnetic flux at the position of the ring is made up of contributions from the external
magnetic and the effects of self-inductance,

® = B,nrg + LI.
The change in the magnetic flux will induce a current in the ring according to

Ad
RI = —.
At
In a superconductor, Ohmic resistance, R = 0 and therefore we can state that the total magnetic
flux through the ring has to be a constant,

® = B.mrg + LI = By (1 — az) nré + LI = constant.

Apply the initial conditions (z = 0,1 = 0) and we find that the constant value is ® = Bymr3.
By substituting and rearranging the above equations, we find that the current is

1
I(z)= ZB()O(?TT‘%Z.

Only the vertical component of the Lorentz force acts on the ring due to the symmetry of the setup,
we can express this force using F' = IlBsinf,

—Bgﬁroomr%z
L

The above result shows that the Lorentz force is directly proportional to the vertical displacement

of the ring. We can calculate the constant of proportionality using the information given in the

question. Note: this is only valid for small displacements.

F,=—-B,1(z)2nry = = —kz.

We can now write the equations of motion for the ring, please note that if the force moving the ring
up is the Lorentz force then the force bringing it down is gravity, and you may assume we are on
the Earth.

The equation of motion of the ring is

ma, = F, —mg = —kz —mg.
We can see that the ring makes harmonic oscillations about the equilibrium position zy = _ng with

z(z) — z90 = Acos (wt), where w = \/%. From the initial conditions we can find A = —z; and
therefore

Z(t) = % (cos (wt) —1).

The vertical z-coordinate is never positive, and it follows that the Lorentz force always points up-
wards, being zero at the topmost point of the oscillation. The current always flows in the same
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direction around the ring.

Finally, we can now substitute to find the numerical answers to the problem.

Frequency:
2124 B2
w= ) B0 09 vads .
Lm
or
f=2 —1.75Hx
27
Amplitude:
g Lmg
A= %5 =——"F—=281cm.
w?  2m2riB2ap e
Current:
nré Boa
Iae = —r x 2A =19.6 A.

At the bottom of the oscillation is where the max current flows.

It is worth noting that the magnetic fields in the question do not satisfy Maxwell’s equations, well
done to the participants who spotted this.
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6 Nuclear Medicine Scan

Red deer are native to Ireland, as they get older the male deer grow very large antlers. A
young deer wanted to check if his budding antlers were growing uniformly. So, the Stag
visited St James’ Hospital in Dublin. He received a nuclear medicine scan, whereby he
was injected with a photon-emitting radionuclide which accumulates primarily, but not
exclusively, in areas of bone growth (his antlers).

The signal from the radioactivity measured from a detector placed outside an object will
depend on both the activity present and on the distribution of the photon attenuation

coefficients.

Consider an object with a distribution of attenuation coefficients u (x,y) and radioactivity
distribution A (x,y) as shown in Figure 5.

detector

Figure 5: Object with arbitrary activity distribution A (z,y) and attenuation coefficient
distribution p (z,y).

Assume that the detector has 100% efficiency (i.e., all photons hitting it are detected) and
that it is collimated (i.e., it will only detect photons emitted along a thin line). The photons
emitted, from a point source, in a specific direction are proportional, by a factor k < 1, to
the total number of photons emitted.

Remember that the variation in intensity for a beam travelling through an infinitesimally
small thickness dt is

dl = —pldt.

(a) [1 mark] In the absence of attenuation, the signal measured along an arbitrary line ¢ is given
by

0
I:k/ A(x,y)ds.
0

How would this be modified when attenuation is taken into account? Assume that there is no
geometrical correction for the distance of the emission point from the detector.
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Consider now the top of the Stag’s skull, approximated by an ellipse with semi-axes a and b,
arbitrary radioactivity distribution A (R, ) in polar coordinates and a constant attenuation
coefficient p (see Figure 6).

detectar

Figure 6: Ellipse with arbitrary activity distribution and constant attenuation coefficient.

(b) [3 marks| Write an expression, in polar coordinates, for the signal measured from a line going
through the origin of the axes at an angle 9 to the x-axis.

So far we have assumed a point-like detector with infinite angular resolution (i.e., it will only
detect photons emitted along a very thin line). The detector now has a circular aperture of
radius R, as shown in Figure 7).

R
detector

Figure 7: Activity distribution in a plane, with a circular detector aperture

We can assume that the radioactivity is still distributed in a plane, but that photons are
emitted isotropically in a sphere.

(c) [3 marks] How would your solution to part b change if we had a detector with a circular
aperture of radius R?
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The diagram in Figure 8 shows the Stag’s scan, with a diffuse “background” uptake of ra-
dionuclide and two “points” representing the antler buds.

Y Q1

Figure 8: Diagram of the Stag’s scan.

e The detector counts measured along the two parallel lines are I; = 1.23 s~ and Iy —
1.15 s71.

e The two antler buds can be treated as point-like, with radioactivity uptakes A; and As.
If A; = A, the antlers were growing uniformly and the Stag will now have developed
a pair of symmetrical antlers.

e The radioactivity/unit length in the rest of the skull is 49 = 3000 Bqcm 1.

e The attenuation coefficient of the head tissue is 0.27 cm ™.

e /1 =525cm, fo =11 cm, 21 = 24.5 cm and z9 = 12.5 cm

e For this part of the question, assume again a perfectly collimated detector, with the
ratio between photons emitted in the detector’s direction/total photons emitted at each
point k = 1074

(d) [3 marks| On the basis of the quantities above, calculate A; and A and determine if the Stag’s
antlers were growing uniformly at the time of the scan.
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Nuclear Medicine Scan - Solution

(a) [1 mark]

When attenuation is not negligible, we have to take into account the depth z of each emission
point from with respect to the object’s surface closest to the detector along the line of emission:

)
f/_\ detector
! z
LA
< N
1 =
A
-__.-"‘-\-\.
N S
H‘-\.\_\_'_,-"-f’

¢
I=k / Az, y) e Jo nw)ds g
0

(b) [3 marks| Properties of ellipses:

X2 Y2

PR
X =acosd
Y =bsind

where (X,Y) is a point on the ellipse.

The signal I on the detector will be proportional, through the same constant k as before, to
the line integral of all the activities along the line ¢, each corrected by the attenuation along
the segment s between the point of emission and the closest point (X, Y") to the detector along

L.

Let’s take a point at position (z,y). There are two cases, the first is where (z,y) is in the
opposite quadrant as the detector and the second case is where (z,y) is in the same quadrant
as the detector.

Using we can find an expression for s in these two cases, written in polar coordinates:

In case 1, s:r+\/a2cos219—|—b2sin219 and in case 2, s = \/@2008219+b2sin219—r.
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So, our expression will be

I=k [/A (r,9) e_“sds] +k [/A(r,ﬂ) e_“sds] ,
opposite quadrant same quadrant

which we can then rewrite by substituting in the expressions for s in the two cases and then
writing the integrals with respect to the radius.

[3 marks| If we include the angular acceptance of the detector, we need to factor in the distance
between each emission point and the detector, d, and the radius of the detector, R.

The fraction of emitted photons hitting the detector is
TR? B R?

T And? T 4d®

But for a generic point at a radial position r, if Q is the distance between the detector and
the origin,

d = ) — r for points in the same quadrant as the detector
d = @ + r for points in the opposite quadrant as the detector

You can then rewrite our expression found in the last part of the question with the expressions
we’ve found for the distance between each emission point.

[3 marks] The signal measured by the detector in each of the two positions is proportional to
the line integral of the activity/unit length along the corresponding line of response, at each
point attenuated by the underlying tissue, plus the activity in the antler bud attenuated by
the underlying tissue:

z1,2+01,2 '
Lao=k / Ape H"da + Ay ge” 12 .
0

After evaluating the integral, the total signal measured in each of the two positions is given

by

Iy =k |:AO (1 _ 6*#(21,2+Z1,2)> T+ Ay 2€ﬂ51,2:| '
b M N

Rearrange for A; 2 and input the quantities given, we obtain A; = 4921 Bq and Ay = 7960
Bq. The ratio of these is 61.8% and therefore the antlers were not growing uniformly.
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7 Dark Matter in the Galaxy

In a galaxy all objects inside orbit around its centre. At a point r = 2.6 x 10 ly from the
centre the measured velocity of orbit is Vmeqs = 250 kms™'. However, if we were to calculate
the velocity of orbit at distance r based on all the luminous matter in the galaxy, the value
would be much lower, v.q. = 15 kms™'. Why is there such a large difference? It can only
be possible if the galaxy had a lot more matter inside but it was hidden from view. The
hidden matter is now called dark matter and we know it exists throughout the universe,
even though we have no idea what it is.

Imagine you are an astronomer in this galaxy who is investigating dark matter in the
galaxy’s spherical halo.

Useful data:
e Gravitational constant, G = 6.67 x 10~'* Nm?kg—2
e One light year, 1 1y = 9.46 x 10" m

e One electron volt, 1 eV = 1.602 x 10719 J

(a) [5 marks| Calculate the average dark matter density in this region of the galaxy. Give your

answer in (i%vcm_?’.

Your galaxy is in a universe where where all the dark matter is made up of miniature black
holes. These mini black holes are spread throughout a galaxy’s spherical halo (like a dark
matter halo).

The mini black holes orbit around the centre of the galaxy like every other object. Your
planet sits approximately at distance r from the centre of the galaxy. Through observation
you notice that roughly once a year one of these mini black holes pass between you and your
local star which you can assume is at distance ~ 1 AU to you.

Useful data:

e One astronomical unit, 1 AU = 1.50 x 10'' m

e Solar mass, 1 My = 2 x 1030 kg

(b) |5 marks| What is the approximate mass of these miniature black holes? Give your answer in
units of the Solar mass.

State any assumptions you have made to get to your answers.
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Dark Matter in the Galaxy - Solution

(a)

[5 marks| For the first part we must calculate the dark matter density and have been given
an orbital radius and speed. This is a fairly straightforward application of Kepler’s laws, the
important part was remembering to subtract the visible mass density from the total.

Our formula for the dark matter density is given by:

Mpym _ Myeasured — Mcaiculated
VRegion VR@gion

PDM =

We can rewrite the mass in terms of velocity using v (R) = 1/ %@ — M (R) = UQ(g)R,
which yields

_ 1 T 9 9
PDM = VRegion a (vMeasured - UCalculated) :
If we assume the volume of the region is spherical we arrive at our final expression for the
density:

_ i ( 2 .2 )
PDM = 412G UMeasured — VCalculated) -

Now, we plug in the values given in the question, but don’t forget to convert units (1kg =
5.61 x 1026%). This gives our dark matter density in the region to be 2.07(;0%ch*3

[5 marks| For this part of the question, you have to decide what does it mean for a black hole
to fly between the Earth and the Sun. Participants gave some excellent answers with in-depth
reasoning and discussion behind their choices. We opted for the simplest of assumptions- a
box of 1 Au xVp,pit X 1 year. The mass of the black holes can be found by simply taking the
total mass of the region and dividing it by the number of black holes in that region,

_ MRegion — Mroi o x M
Number of black holes Fegion VRegion.

Mpu

From the first part we calculated MRgegion = 2.31 x 10*! kg and VRegion = 6.23 X 1091 m3.
Let us consider the volume that one black hole would occupy.

The average distance from the closest object inside a cube of a given volume, would be
approximately half the length of the longest diagonal inside the cube (2d = v/3 x side of cube).
The time taken for a black hole to cover the distance up to 1 Au from the Sun would be of
order t ~ . We can use these to approximate the unit volume occupied by a black hole

V. it — (2(1)3 ~ <2 X tlyear X UOTbit>3
uni \/g — \/g

We find with the box approximation Mpy ~ 10712Mg, acceptable masses ranged from
10~8Mg to 10~ '*M depending on what participants decided on what it means to pass be-
tween the Earth and Sun.

VOrbital
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8 Icosahedron of Resistors

An icosahedron consists of 20 equilateral triangles. It has 12 vertices and 30 edges, with 5
edges meeting at each vertex. Figure 9 shows an icosahedron and its net.

Figure 9: Icosahedron (left) and its 2D net (right).

Now imagine that this icosahedron was a component in a circuit, where each edge of the
icosahedron is a 1£2 resistor.

You may use the model icosahedron kit provided to you.

(a) [10 marks| Find the effective resistance between two adjacent vertices.
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Icosahedron of Resistors - Solution

The author presents two solutions to the problem.

First Solution: We will calculate the effective resistance between vertices 1 and 2 in the figure be-
low. When the icosahedron is viewed from the angle shown, four vertices lie directly behind four
other vertices; each of these pairs is represented by a dot inside a circle. And thirteen edges lie
directly behind thirteen other edges; each of these pairs is represented by a bold line. The remaining
two (of the 30 total) edges not represented in the figure are the ones connecting vertices 5 and 6,
and 7 and 8. For future reference, points X and Y are defined to be the midpoints of the edges shown.

5,0

If a potential difference is created between vertices 1 and 2, then the potentials at vertices 5 and 6
are equal, and likewise for the other three pairs of vertices. We may therefore bring each of these
four pairs of points together and identify each pair as one point. The resulting circuit is simply the
figure above, now planar, where each bold line represents a %Q resistor (because it arises from two
1€ resistors in parallel).

We now note that all points on the vertical bisector of the circuit (that is, X, Y, the 9-10 pair, and
the 11-12 pair) are at equal potentials, so we may bring them all together and identify them as one
point. Since X and Y split the top and bottom resistors into two %Q resistors, we arrive at the
following circuit, where every line in the figure represents a %Q resistor.
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1 2
This circuit may be reduced as follows:
1/4 1/4
1/2 12

1/4 1/4

j —
3/4 3/4

— —
36 e
— 11/60 11/60 — 11530

The effective resistance between two adjacent vertices is therefore %Q.

Second Solution: Let vertices 1 and 2 be adjacent. Consider the setup where a current 1A enters
through vertex 1, and a current ﬁA leaves through the other 11 vertices. Note that, due to
symmetry, a current éA flows through each of the 5 edges leaving vertex 1. Hence, the voltage
difference between vertices 1 and 2 is

1 1
Vl - VZ - <5A> (19) = 5\/.
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Consider a second setup, where a current 1A leaves through vertex 2, and a current 1—11A enters
through the other 11 vertices. Again, note that a current %A flows through each of the 5 edges
entering vertex 2. Hence, the voltage difference between vertices 1 and 2 is

1 1

If we superimpose these two setups on each other, then we arrive at the setup where:

A current %A enters through vertex 1,

A current %A leaves through vertex 2,

e No current enters or leaves through the other 10 vertices, and

The potential difference between vertices 1 and 2 is

1. 1. 2
i-1a= V4 V=2V

We have therefore constructed precisely the experimental setup that serves to determine the effective
resistance between vertices 1 and 2. That is, we have put a current in at vertex 1, taken it out
at vertex 2, and measured the voltage difference between the two points. The effective resistance
between vertices 1 and 2 is therefore given by

2 12 11
V=IR=>V=(_A)R, off = ==
R:>5 (11 >Rff:>Rff 30
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9 Molecular Zipper

In the 1960s, Charles Kittel proposed a toy model to illustrate the physics of the separation
of strands of DNA. The model consists of two long molecules coupled by N links, with the
following rules:

e Each link can be closed or open — and if open, they can be in one of G orientations
where G > 0 is an integer parameter of the model. There is only one way the link can
be closed.

e If links 1 to n are open, then link n + 1 can also open with energy cost € > 0. This is
the basic idea of the zipper model — a link can only be open if all the ones before it are
also open.

e The final link n = N can not be opened.

The final rule means that the model is a ‘single-ended zipper’ — which is a slight simplification
of earlier models that could be ‘unzipped’ from both ends.

(a) [4 marks| Calculate the free energy of the model with N links at a temperature 7.

(b) [2 marks| Hence show that the model has a finite-temperature phase transition if G > 1, and
find an expression for the transition temperature.

(¢) |2 marks| Calculate the expected number of open links as a function of temperature, and show
that this may be used as an order parameter for the phase transition.

(d) [2 marks| Come up with a physical explanation why one requires this extra degeneracy G > 1
in order to have a phase transition in the model.
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Molecular Zipper - Solution

Reference paper for further reading: C. Kittel, Phase transition of a molecular zipper, Am. J. Phys.
37, 917 (1969).

(a) (4 marks) The free energy F' at a temperature 7' is given by
F=—kgTlnhz

where Z is the partition function

Z= Y BT,

all states

Here, kp is Boltzmann’s constant.

In this case, the state of the system is given by the number of links open p which can run from
p=0top= N —1 (the N’th link cannot be opened. The energy of such a configuration is
simply pe where € is the energy cost of a link being opened. In addition, for each open link,
there are G possible states. These don’t affect the energy, so can be taken into account via a
degeneracy of the state of GP. Hence

—_

Z = Z GP exp(—pe/kpT).

hS]

If we write
x = Gexp—e/kpT,

then
N-1 1 —CL'N

1—=z

where the expression for the sum of a geometric series is easily derived if not recalled.

Putting this together,

1— N
F:—k:BTln< : $

) , == Gexp—e/kpT.

(b) (2 marks) The expression for free energy can have a singularity if x = 1. Setting

Gexp(—€/kpT,) =1

gives us
€
T. = .
“ kglnG
If G =1, then Ing = 0 and hence T, — oo, however for any G > 1, this is a finite transition
temperature.

4If one wants to be more specific, there is no singularity for finite N — the sum is analytic. However in the
thermodynamic limit N — oo, this would be a transition between an intensive free energy (doesn’t scale with system
size) for < 1 to an extensive free energy for x > 1. Hence a phase transition.
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(c¢) (2 marks)

The probability of being in each state is the Boltzmann weight e
number of open links

—E/kBT hence the expected

N

| Nl
(p) ==Y pa”
p=0

N|

where we have defined x as before.

Either one can memorise sums like this, or know how to derive them when needed. In this
case it is easy to derive:

N-1 N—-1
d dz
P — p— P —
Zpac T Z =

Hence

<> 1—=x —Nﬂ:N_1+1—a:N
=

P 1—zN 11—z (1—x)2
T NaN

1l—2 1—aN°

For large N (the thermodynamic limit), the expression is dominated by the second term for
x > 1, giving N open links — i.e. completely unzipped. For x < 1 however, the second term
goes to zero (in the thermodynamic) limit, leaving only the first term which is not proportional
to N. Hence we see:

e For z < 1 which is the low temperature phase, T' < T, the system is zipped, with on
average a non-extensive number of links unzipped.

e For x > 1 which is the high temperature phase T' > T, the system is completely unzipped.

In his paper, Kittel does a further analysis, examining (p) in the vicinity of the phase transition
x = 1+ n where n < 1. He looks at the fraction of links unzpped (p)/N as a function of
T and shows the slope becomes infinite at 7, in the thermodynamic limit, providing more
characterisation of the phase transition. See his paper for more details if you are interested.

(d) (2 marks) It is not a-priori obvious why this zipper model requires a degeneracy G > 1 in
order to have a phase transition.”. Knowing that it is a zipping/unzipping transition though
allows one to construct a very nice explanation.

A thermodynamic phase transition (such as ferromagnetism) is usually due to a competition
between energy and entropy — the low tempeature 'ordered’ phase lowers the energy at the
expense of energy, while the high temperature paramagnetic ’disordered’ phase has a high
entropy at the cost of not being a low energy state. One can see mathematically why this is
the case from the expression F' = E — T'S — at low temperature the entropy isn’t important
so one minimises energy; at sufficiently high temperature, the entropy will dominate.

The zipper model is the same. It costs energy to unzip, so at low temperature we minimise
energy by being zipped. Entropy can only be released by unzipping though, if there are more

5 And the more you know about phase transitions the harder it gets — e.g. phase transitions aren’t supposed to
happen at all in one dimension. For a very nice discussion of what makes this model an exception to this rule, see
Cuesta and Sanchez, J. Stat. Phys. 115 , 869 (2004).
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‘unzipped’ states than ’zipped’. This happens only if the degeneracy of the unzipped states
is two or more — as we saw in the calculation.

Partial marks will be given for any sound physical arguments that differ from the above,
however the competition between energy and entropy must be mentioned for full marks.
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10 4D Sun

Imagine you were transported to another universe with one more spatial dimension,
everything appeared as 4D. In this problem, you will investigate if the light generated from
the Sun would be different in this universe.

You may assume that the surface temperature of the Sun would not change from our universe
and is approximately 7' = 6 x 10% K.

Useful data:

e Boltzmann constant, kg = 1.38 x 10723 JK~!

e Speed of light, ¢ = 3 x 10® ms™!

(a) [10 marks| What would the colour of the Sun be in this four-dimensional universe?
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4D Sun - Solution

Black body radiation, spectral density:

e(w)dv =hvp (v)n(v)

The photon energy, EE = hv where h is Planck’s constant and v is the photon frequency.

The density of states, p(v) = Av"~ ! where, A is a constant independent of the frequency and
frequency term is the scaling of surface area of an n-dimensional sphere.

The Bose-Einstein distribution, n (v) = —z— where k is the Boltzmann constant and 7" is the
ekT —1

>
3

temperature.

J:TL

We let © = 2 and get ¢ (z) ox -2

We do not need the constant of proportionality (which is not simple to calculate in 4D) to find the
maximum of € (z). Working out the constant just tells us how tall the peak it, but we are interested
in where the peak is, not the total radiation.

de nx™ 1 z"e”

dr N e =1 (er—1)?

We set equal to zero for the maximum of the distribution,

.,Enflez _
(em_l)Q(n(l_ex)_x)ZO
This yields = n (1 — e~ *) where, x = h’;ﬁ% and we can relate Apqp = Vmcaz and ¢ being the speed

of light.

This equation has the solution x = n + W (—ne™") where W is the Lambert W function z =
W (y) that solves ze* = y (although there is a subtlety about which branch of the function).
This is kind of useless to do anything with, though. One can numerically solve this equation
using bisection/Newton-Raphson /iteration. Alternatively, one could notice that as the number
of dimensions increases, e~% is small, so to leading approximation x =~ n. One can do a little
better iterating this, * ~ n — ne™" which is what we will use. Note the second iteration yield

TN — ne(”f’w—n).

Number of dimensions, n | Numerical solution | Approximation using first iterating
2 1.594 1.729
3 2.821 2.851
4 (the one we want) 3.921 3.927
5 4.965 4.966
6 5.985 5.985

Using the result above,
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N __he _ 663x107%.3x10°
O kT % mas  1.38 x 10723 .6 x 103 - 3.9

616 nm is middle of the spectrum, so it will look white with a green-blue tint. Note, we have used
T = 6000 K for the temperature here, as given in the question.

= 616 nm

It would also be valid to look at € (A) dA instead of e (v) dv.
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